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Abstract - -Numerica l  solutions for the Cahn-Hilliard equation is considered using the Crank- 
Nicolson type finite difference method. Existence of the solution for the difference scheme has been 
shown by Brouwer fixed-point theorem. Stability, convergence and error analysis of the scheme axe 
shown. We also show that the scheme preserves the discrete mass, even though the lineaxized scheme 
in [1] is conditionally stable and does not preserve the mass. (~) 1998 Elsevier Science Ltd. All rights 
reserved. 
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. 
Consider the Cahn-Hilliard equation 
0% 
ut + a-z--z = 
~x ~ 
with boundary conditions 
Ou 
O--x =0, 
and initial conditions 
INTRODUCTION 
02¢(~) 
Ox 2 , x E f~, 0<t_<T,  (1.1a) 
03U 
0x 3 =0, xE0f / ,  0<t_<T,  (1.1b) 
u(x, O) = uo(x), x e f~, (1.1c) 
where ¢(u) = ~,  ¢(u) = (I/4)7(u 2 -82) 2. The constants a and 7 are positive, f/is a bounded 
interval in R with its boundary aft. Here, u(x, t) is the concentration of one of the phases of the 
system. 
The Cahn-Hilliard equation (1.1) arises as a phenomenological continuum model for isothermal 
phase transition in cooling binary solutions such as alloys, glasses, and polymer mixtures. See 
Cahn and Hilliard [2] for a derivation of the model and Novick-Cohen and Segel [3] for more 
general derivation and analysis. 
Since the pioneering work of Cahn and Hilliard [2], the Cahn-HiUiard equation has been exten- 
sively applied to the interdiffusion in binary polymer mixtures by Wang and Shi [4], in interfaces 
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of polymers with dissimilar properties by Jabbari and Peppas [5] and in the formation of inter° 
faces via the interdiffusion of layers by Puri and Binder [6]. The viscous Cahn-Hilliard equation, 
which arises as a singular limit of the phase field model of phase transition, has been studied by 
Bai, Elliot, Gardiner, Spence and Stuart [7]. The Cahn-Hilliard equation with a logarithmic free 
energy (¢ contains logarithmic terms) has been considered by Copetti and Elliot [8] and Barrett 
and Blowery [9], where they also studied finite element approximation of the model equation. 
Global existence and uniqueness of the solution for (1.1) have been shown by Elliot and 
Zheng [10] and Yin [11]. It has been shown that the solution is bounded when 7 > 0 and it 
blows up in finite time when 7 < 0 in [10]. Nonnegativeness of the solution is shown in [11]. Long 
time behaviour of the solution has been studied by Cart, Gurtin and Slemrod [12], Novick-Cohen 
and Segel [3], and Novick-Cohen [13] using the free energy method. 
Finite Galerkin approximate solutions have been obtained by Elliot and French [14] and 
French and Jensen [15] for one-dimensional problems. For multidimensional problems, Elliot 
and French [16] considered nonconforming finite element method. Elliot and Larsson [17] ob- 
tained error estimates of finite Galerkin solutions for smooth data as well as nonsmooth initial 
data. Elliot, French and Milner [18] have obtained optimal order error bounds using a second- 
order splitting method. Mixed finite element method is applied to obtain approximate solutions 
for (1.1) by Dean, Glowinski and Trevas [19]. 
Compared to large amount of studies in finite element approximate solutions for the Cahn- 
Hilliard equation, there are few numerical results on (1.1) by finite difference methods. Furihata, 
Onda and Mori [20] have examined the boundedness of the solution of a finite difference scheme 
using discretized Lyapunov functional without error analysis. The error analysis has been ob- 
tained by Sun [1] using a linearized difference scheme for a two-dimensional problem of the 
Cahn-Hilliard equation. But the linearized scheme in [1] is only conditionally stable and does 
not preserve the total mass. Furthermore, it cannot be applied to the problem when the initial 
data are not smooth. 
In this paper, we consider a nonlinear difference scheme based on the Crank-Nicolson scheme 
for the Cahn-Hilliard equation (1.1). This scheme is unconditionally stable and conserves the 
mass, which overcomes the shortcomings of the linearized finite difference scheme proposed by 
Sun [1]. In Section 2, the nonlinear difference scheme for (1.1) is analyzed. It is shown that 
the nonlinear scheme preserves the discrete mass. In Section 3, existence and stability of the 
nonlinear difference scheme for the solution are shown. In Section 4, numerical examples are 
given in order to show that the nonlinear scheme overcomes the shortcomings of the linearized 
scheme proposed by Sun [1]. The nonlinear scheme is applied to the Cahn-Hilliard equation with 
nonsmooth initial data and conservation of mass is shown numerically. 
2. NONL INEAR F IN ITE  D IFFERENCE SCHEME 
In this section, we consider a nonlinear finite difference scheme for problem (i.I) and show 
existence of the solution for the approximate scheme. 
We may assume, without loss of generality, that the domain ft is the unit interval (0,1) and 
a = 1. For the discretization of (1.1), let h = 1 /M be the uniform step size in the spatial direction 
for a positive integer M and ~h = {xi = ih I i = 0,..., M}.  Let k = T/N  denote the uniform 
step size in the temporal direction for any positive integer N. 
For a function w defined on f/h, denote wi = w(x~) and define the difference operators as 
with 
V + Wi --~ Wi+l-W~ V_w~=W~-W~-I  l< i<M-1 ,  
h ' h ' 
V 2 ---- V+V- ,  V 4 ---- V 2 (V2) ,  
1 I(V+ + V_)w~ = 0, ~(V+ + V_)V2w~ = 0, i = 0, M. 
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We now introduce the discrete L 2 inner product 
(w,v)h = h ~(wov0 +wMv~) + ~ w~v~ 
i----1 
and the corresponding discrete L2-norm 
II~h = (~, ~)~/~ 
for the functions v = (v0 . . . .  , VM) and w = (Wo,. . . ,  WM) defined on ~h. Whenever there is no 
confusion, we use (., .) and I1" II instead of (., ")h and I1" lib, respectively. 
We can show the following identities by summation by parts. 
LEMMA 2.1. For functions v and w defined on ~h, we have: 
(I) (v~,v) -1/a ~-1 ---~ E i=I  (Wi-I-1 -- Wi) (V i+ l  - -  V i )  - -  1 /h (w l  - wo)(v l  - vo) ;  
(2) (V2w, v) = (w, V2v), 
(3) (V4w, v) ---- (V2w, V2V). 
Let U~ n = U (xi, tm) for xi = O, 1, . . .  ,M,  tm= ink, m = O, 1, . . .  ,N.  Define difference opera- 
tors U m+1/2 and cOtU m, respectively, as 
Urn+l~2 _ U m+1 -I- U m Urn+ 1 __ U m 
2 ' OtUm = k 
Then the approximate solution U m for (1.1) is defined as a solution of 
OtU~ + V4U m+'/2 = V2¢ (U m+1/2) , 0 < i < M, 0 _< m _< Y - 1, (2.1a) 
with boundary conditions 
(V+ + V_)U~ = O, 
and initial conditions 
l (v+ + W_)V2U~ ' = 0, i = O, M, (2.1b) 
For the solution u of the Cahn-Hilliard equation (1.1), it is shown in [I0] that the property of 
mass conservation holds; 
1 u(x, t) dx = u(x, O) dx, 0 < t < T. (2.2) 
As for the classical solution, we obtain the conservation of mass for the finite difference 
scheme (2.1) approximating (2.2) by the trapezoidal rule 
u(z , t . )dz~h ~(u'd +u~)+ • 
THEOREM 2.1. Let U n be the solution of (2.1). Then we obtain the conservation of mass 
h =h ( :+u°)+ , I< , ,<N.  
i----1 
U~= uo(x~). (2.1c) 
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PROOF. It follows from (2.1a) that 
o,h (ug + u~) + ~ uy 
i= l  
 -11 = h o, (u~ + ur,) + ~ o, uy  
i=l ) 
= ~2 { v2~ (U~n+l/2) -- ~4U7+I/2 "It" ~2~ (u~+l/2)_ ~4UM+I/2 } 
M-I 
-~- h ~ ~2 { ~ (Uy+I/2) -- ~72Uy'FI/2 } . 
i=I 
Applying the boundary conditions (2.1b), the above equation becomes 
O,h (ug +u~)+ ~ uy =0.  
i=l 
Summing from m = 0 to n - 1, we obtain the required result. 
3. EX ISTENCE AND C INVERGENCE 
In this section, we show existence and stability of solutions for the difference scheme (2.1). We 
also consider the error analysis for (2.1). The following lemma will be needed for the proof of 
existence and unconditional stability of (2.1). 
LEMMA 3.1. For a function U defined in fib and ¢(U) = 7{(U) 3 - ~2U}, we obtain 
-(v.¢(u), u) _> ~: (v2u, u). 
PROOF. It follows from Lemma 2.1 and direct summation that 
- (v2¢(u), u) = -~ (v2(u) 3 - ~2v2u, u) 
= ~ I~ l ( (v '+ l )3 -  i. ,=I 
")' ((Ul) 3 - -  (UO) 3) (Vl - -  Vo) + ,,{~2 (~2U, U) +~ 
= ~ I~I((u'+I)2+U"FIUi+(Ui)2) i=l 
")' ((U1)2 + VlVo + (Vo)2) (U 1 _ Uo)2 + ,.),~2 (~2U, U) +~ 
> ~ (V2U, U). 
This completes the proof. | 
We now prove the existence of solutions for (2.1) using the Brouwer fixed-point heorem. Its 
proof can be seen in [21]. 
THEOREM 3.1. Let H be a finite-dimensional inner product space. Suppose that g : H ~ H 
is continuous and there exists A such that (g(z),x) > O, for a]] x E H with [Ix[[ = A. Then there 
exJsts x* q t t  such that g(x*) = 0 and IIx*[[ < A. 
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THEOREM 3.2. The solution U n of the finite difference scheme (2.1) exist. 
PROOF. In order to prove the theorem by the induction, assume that U °, U1, . . . ,  U n exist for 
n < N. Let g be a function defined by 
g(V) = 2V - 2U n + kV4V - kV2¢(V) 
= 2V - 2U  n "Jr kV4V - k~[V 2 ((V) 3 - ~2V) .  
Then g is clearly continuous. 
Taking an inner product of g(V) with V and using Young's inequality, we have 
(g(V), V) > 2llVll 2 - 2 llU~ll ]lVll + k llv2vll ~ - k~ (V2(v) ~ - ~2V2v, v ) .  
It follows from Lemma 3.1 that 
k 
-k~ (V2CV) 3 - S2V2V, V) > -k~ IIv2vll IlVll _> -k  IIv~vll 2 - X (~S~)2 IlVll2. 
Then, we obtain 
(g(V), V) > 1 - ~ (7~2) 2 llVll 2 - l lU ' l l  2, 
Hence, for k < (4/(7~2) 2) and U n÷l = 2V -- V n, Theorem 3.1 with A = (llU~ll/1 - (k/4)(-y~2) 
implies the existence of the solution. | 
We now show the unconditional stability for (2.1). 
THEOREM 3.3. Let U n be the so]ution of (2.1). Then there exists a constant C, independent of 
step sizes, such that 
HUn[[ _< C[[U°[[, 1 < n < N. 
PROOF. Forming an inner product between (2.1) and U re+l~2, we obtain 
1 o _ . 0 =" ~ , l[~fm[[ 2 + V2Um+I/2I 2 (V2¢  (Urn+l~2) ,  U m+1/2) 
It follows from Lemma 3.1 that 
_> °tllUmll ~ _ (,,{~2)2 Urn+l/2 [5. 
Therefore, we obtain 
This implies that 
a~ ,u".," _< (~)~ (l lu~+lll 2 + Ilu~ll2) 
n-i 
{1-  k (~2) 2} IIV-II 2 _< Ilu°ll ~ + 2 (~2)2 ~ E IIUmll ~- 
vr~=0 
Applying the discrete Gronwall's inequality with sufficiently small k such that 1 - k('y~2) 2 > 0, 
we obtain the desired result. | 
Let u Tn and U m be solutions for (1.1) and (2.1), respectively. Let e m = u m - U m be the error 
for the numerical solution of (1.1). Then we obtain the following error estimates for (2.1). 
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THEOREM 3.4. If IIUnlloo is bounded, then there exists a constant C, independent of step sizes, 
such that 
lIenIl I C (k2 + h2) , l<n<N. 
PROOF. Replacing Urn = urn - em in (2.1) we obtain 
ate* + ~4~m+1/2 = atzlm + ~4p+1/2 - 024 (p+w) 
= ‘Ilt @,+1/z) + 2 (hn+l,z) - v2+ (um+1~2) + 0 (h2 + lc2) 
=v24(um+1/2) -v2q+P+‘/2) +O(h2+h2). 
Forming the inner product with em+li2, we obtain 
f$ lleml12 + JIV2em+1/2112 
5 7 (Vs (,m+r/2)3 - V2 ((Im+i/2)3 _ @rVsem+i/2,em+l/s) + Ilem+i/sll’ + 0 (h4 + k4) 
< ,./ ([ (,rn+1/2)2 + um+1/2um+1/2 + (um+l12)2] ,m+1/2, Vzem+l/2) 
- rP2 (V2em+‘/‘, e m+1/2) + llem+1/21i2 + 0 (h4 + k4) . 
It follows from Theorem 3.3 and boundedness of ]]ul] o. and IJUnII, that there exists a constant C 
a, lleml12 5 C ( Ijem+ll12 + Ile”ll”) + C (h4 + k4) . 
Summing from m = 0 to n - 1, we obtain 
n-1 
(1 - Ck) lIenIl 5 lle0112 + Ck c lleml12 + Ck (h4 + k4) . 
m=O 
Applying the discrete Gronwall’s inequality with small k such that 1 - Ck > 0, we obtain the 
desired result. I 
4. NUMERICAL EXAMPLES 
In this section, we compare the nonlinear difference scheme (2.1) with the linearized difference 
scheme proposed by Sun [l]: 
un+’ * - ur-1 
2k 
+ v4 uy ; q-1 
= v%#J (UT), O<i<M, n21, (4.la) 
with boundary conditions 
;cv+ + V_)q? = 0, ;p+ + V_)V2Ui” = 0, i=O,M, (4.lb) 
and initial conditions 





The coefficient matrix of linearized 6nite difference scheme (4.1) is symmetric and positive def- 
inite. Hence, the linearized system is uniquely solvable. But in the error analysis, it is shown 
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that the scheme is stable only when k = O(h 1/2+~) with optimal e = 1/2, Although the conser- 
vation of mass for the exact solution u in (1.1) holds, the linearized scheme does not preserve 
the conservation of mass. Furthermore, because of (4.1c), the linearized finite difference scheme 
cannot be applied to the physical problem which has discontinuous initial data. Even though, 
the approximation (4.1c) for the initial condition is replaced by 
V ~ = U ° + kV ~ {¢ (V °) - V2V°}, (4.2) 
the stability condition of (4.1) becomes more stringent like k = O(h ~) with e > 4. 
EXAMPLE 4.1. The smoothness of composition profile for discontinuous initial data. 
For the study of interdiffusion between two thin polymer layers, we use a model equation 
{ 1 O...uucot = ~Ox (-0.31 + 2.31u 2) cgx Ox 3 j , (4.3) 
with an initial condition 
S 1, fo r0<x<100,  
uo(x) l -1, for 100 < x_< 200. 
Problem (4.3) has been studied by Wang and Shi [4]. Since two thin polymer layers in (4.3) are 
partially miscible and have the same mobilities, the composition profile must be symmetric and 
smooth. 
Figure 1 shows the numerical solutions U obtained by the nonlinear difference scheme (2.1) 
at various time steps. Numerical solutions are obtained by SOR method with h = 0.5 and 
k -- 0.01. The relaxation parameter is w = 0.3. We stop the numerical computations when m th 
and (m + 1) th iterations meet he criterion 
u:  '~''+1~ - v':'~'~ 
< 10 -5. (4.4) 
U~,(m) 
Although the initial condition uo(x) is not differentiable, Figure 1 shows that the solution U 
of the nonlinear scheme (2.1) satisfies physical properties of composition. But in this situation, 
we cannot apply the linearized scheme (4.1) for the study of physical properties, because the 
scheme (4.1c) needs mooth initial data. When we replace (4.1c) by (4.2), we obtained "overflow" 








• -.: t -O  
---: t= lO  
- :  t= l  O0 
100 150 200 
× 
Figure 1. Composition profiles U obtained by (2.1). 
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EXAMPLE 4.2. The  conservation of mass. For the study of conservation of mass, we  consider 
problem (4.3) with a small initial data 
uo(x) = 0.00Ix4(1 - x) 4, 0 < x < 1. (4.5) 
We use uniform step sizes h = 0.1 and k = 0.0001 both for the nonlinear scheme (2.1) and for the 
linearized scheme (4.1). In order to solve difference systems, SOR method with the relaxation 
parameter w = 0.3 is used. We stop the numerical computations when condition (4.4) is satisfied. 
In order to calculate the total mass, we estimate the total mass by the trapezoidal rule as 
{ u(x, t.) dz - / (n )  h ~ (u'd + u~) + . 
i= l  
Following the idea in Theorem 2.1, we can prove that the total mass obtained by the linearized 
scheme (4.1) appears alternately as, for 1 < n < N - 1, 
{ / 1 (U~+ 1 U~+I ) U~+z 1 
i=1 i=1 
(x lO6] f ) :  (n)  ° ° ° l i near i zed  
non l inear  
. . . . .  , ,, , , ,  ,, ,, ,, . . . .  ,, ,,, ,, ,, ,: ,, ,, ,,, ,, ,, :, ,', ,, , ,,, :, ~, ,, ,, ,, :, ,, : ..... ,,, ,,,,, . . . . . . . . . .  
, , : ' , :  , :  ; :  ,~ . .  . ,  , ,  ,.: , . . ,  . . . . . . . . . .  , . . . ,  , ,  . . . . .  , ,~ ,,~ , ,  , ,  , ,  , :  , ,  , ,  ,,, , :  ,~ ' , ,  
. . . .  . , . , , , ,  : : ' / ' ,~ , ,  . . . . .  , , ,  . . ,  , , , ,  ,, . . . . . . . .  , ,  
. 6 6 6 o 6 6 6 6 0 6 6 6 6 b b 6 ° e 6 ~ ° ° ° b  
1 10 20 30 40 50 
n 
Figure 2. Total mass obtained by (2.1) and (4.1) at t = 10-4n. 
In Figure 2, the point • denotes the discrete mass of initial data (4.5). We can see that the 
nonlinear difference scheme (2.1) preserves the discrete mass of initial data, but the mass of the 
solution obtained by the linearized ifference scheme (4.1) is alternating so that the linearized 
scheme (4.1) does not preserve the mass of initial data. 
5. CONCLUDING REMARKS 
A nonlinear finite difference scheme is considered for the one-dimensional Cahn-HiUiard equa- 
tion. We have shown that the scheme is unconditionally stable and has a second order of con- 
vergence. Furthermore, the scheme preserves the total mass of mixtures arising in a phenomeno- 
logical continuum model for isothermal phase transitions, which is physically meaningful. This 
scheme can be also applied to the problem with nonsmooth initial data. 
The nonlinear difference scheme overcomes the shortcomings ofthe linearized ifference scheme 
recently proposed by Sun [1]. The linearized scheme is also of a second order of convergence, but 
it is conditionally convergent and does not preserve the total mass. Furthermore, it can be applied 
only to the Cahn-HiUiard equation with smooth initial data in order to obtain a second-order 
accuracy because it is a two step method. 
A conservative nonlinear difference scheme will be shown elsewhere for the two-dimensional 
Cahn-Hilliard equation, which preserves the total mass and converges unconditionally. 
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